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Abstract
We suggest a means of obtaining certain Green’s functions in 3+1-dimensional N = 4
supersymmetric Yang-Mills theory with a large number of colors via non-critical string
theory. The non-critical string theory is related to critical string theory in anti-deSitter
background. We introduce a boundary of the anti-deSitter space analogous to a cut-off
on the Liouville coordinate of the two-dimensional string theory. Correlation functions of
operators in the gauge theory are related to the dependence of the supergravity action
on the boundary conditions. From the quadratic terms in supergravity we read off the
anomalous dimensions. For operators that couple to massless string states it has been
established through absorption calculations that the anomalous dimensions vanish, and
we rederive this result. The operators that couple to massive string states at level n
acquire anomalous dimensions that grow as 2
(
ngYM
√
2N
)1/2
for large ‘t Hooft coupling.
This is a new prediction about the strong coupling behavior of large N SYM theory.
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1. Introduction
Relations between gauge fields and strings present an old, fascinating and unanswered
question. The full answer to this question is of great importance for theoretical physics.
It will provide us with a theory of quark confinement by explaining the dynamics of color-
electric fluxes. On the other hand, it will perhaps uncover the true “gauge” degrees of
freedom of the fundamental string theories, and therefore of gravity.
The Wilson loops of gauge theories satisfy the loop equations which translate the
Schwinger-Dyson equations into variational equations on the loop space [1, 2]. These
equations should have a solution in the form of the sum over random surfaces bounded
by the loop. These are the world surfaces of the color-electric fluxes. For the SU(N)
Yang-Mills theory they are expected to carry the ‘t Hooft factor [3], Nχ, where χ is the
Euler character. Hence, in the large N limit where g2YMN is kept fixed only the simplest
topologies are relevant.
Until recently, the action for the “confining string” had not been known. In [4] is was
suggested that it must have a rather unusual structure. Let us describe it briefly. First
of all, the world surface of the electric flux propagates in at least 5 dimensions. This is
because the non-critical strings are described by the fields
Xµ(σ) , gij(σ) = e
ϕ(σ)δij , (1)
where Xµ belong to 4-dimensional (Euclidean) space and gij(σ) is the world sheet metric
in the conformal gauge. The general form of the world sheet lagrangian compatible with
the 4-dimensional symmetries is
L = 1
2
(∂iϕ)
2 + a2(ϕ)(∂iX
µ)2 +Φ(ϕ)(2)R+Ramond− Ramond backgrounds , (2)
where (2)R is the world sheet curvature, Φ(ϕ) is the dilaton [5], while the field
Σ(ϕ) = a2(ϕ)
defines a variable string tension. In order to reproduce the zig-zag symmetry of the Wilson
loop, the gauge fields must be located at a certain value ϕ = ϕ∗ such that a(ϕ∗) = 0. We
will call this point “the horizon.”
The background fields Φ(ϕ), a(ϕ) and others must be chosen to satisfy the conditions
of conformal invariance on the world sheet [6]. After this is done, the relation between
gauge fields and strings can be described as an isomorphism between the general Yang-Mills
operators of the type∫
d4xeip·x tr (∇α1 . . . Fµ1ν1 . . .∇αn . . . Fµnνn(x)) (3)
1
and the algebra of vertex operators of string theory, which have the form
V α1...αn(p) =
∫
d2σΨi1...inj1...jmp
(
ϕ(σ)
)
eip·X(σ)∂i1X
α1 . . . ∂inX
αn∂j1ϕ . . . ∂jmϕ , (4)
where the wave functions Ψi1...inj1...jmp (ϕ) are again determined by the conformal invariance
on the world sheet. The isomorphism mentioned above implies the coincidence of the
correlation functions of these two sets of vertex operators.
Another, seemingly unrelated, development is connected with the Dirichlet brane [7]
description of black 3-branes in [8, 9, 10, 11]. The essential observation is that, on the
one hand, the black branes are solitons which curve space [12] and, on the other hand, the
world volume of N parallel D-branes is described by supersymmetric U(N) gauge theory
with 16 supercharges [13]. A particularly interesting system is provided by the limit of a
large number N of coincident D3-branes [8, 9, 10, 11], whose world volume is described
by N = 4 supersymmetric U(N) gauge theory in 3 + 1 dimensions. For large g2YMN the
curvature of the classical geometry becomes small compared to the string scale [9], which
allows for comparison of certain correlation functions between the supergravity and the
gauge theory, with perfect agreement [9, 10, 11]. Corrections in powers of α′ times the
curvature on the string theory side correspond to corrections in powers of (g2YMN)
−1/2 on
the gauge theory side. The string loop corrections are suppressed by powers of 1/N2.
The vertex operators introduced in [9, 10, 11] describe the coupling of massless closed
string fields to the world volume. For example, the vertex operator for the dilaton is
1
4g2YM
∫
d4xeip·x (trFµνF
µν(x) + . . .) , (5)
while that for the graviton polarized along the 3-branes is∫
d4xeip·xTµν(x) , (6)
where Tµν is the stress tensor. The low energy absorption cross-sections are related to the
2-point functions of the vertex operators, and turn out to be in complete agreement with
conformal invariance and supersymmetric non-renormalization theorems [11]. An earlier
calculation of the entropy as a function of temperature for N coincident D3-branes [8]
exhibits a dependence expected of a field theory with O(N2) massless fields, and turns out
to be 3/4 of the free field answer. This is not a discrepancy since the free field result is valid
for small g2YMN , while the result of [8] is applicable as g
2
YMN →∞. We now regard this
result as a non-trivial prediction of supergravity concerning the strong coupling behavior
of N = 4 supersymmetric gauge theory at large N and finite temperature.
The non-critical string and the D-brane approaches to 3+1 dimensional gauge theory
have been synthesized in [14] by rescaling the 3-brane metric and taking the limit in which
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it has conformal symmetry, being the direct product AdS5 × S5. 1 This is exactly the
confining string ansatz [4] with
a(ϕ) = eϕ/R , (7)
corresponding to the case of constant negative curvature of order 1/R2. The horizon is
located at ϕ∗ = −∞. The Liouville field is thus related to the radial coordinate of the
space transverse to the 3-brane. The extra S5 part of the metric is associated with the 6
scalars and the SU(4) R-symmetry present in the N = 4 supersymmetric gauge theory.
In the present paper we make the next step and show how the masses of excited states
of the “confining string” are related to the anomalous dimensions of the SYM theory.
Hopefully this analysis will help future explorations of asymptotically free gauge theories
needed for quark confinement.
We will suggest a potentially very rich and detailed means of analyzing the throat-
brane correspondence: we propose an identification of the generating function of the
Green’s functions of the superconformal world-volume theory and the supergravity ac-
tion in the near horizon background geometry. We will find it necessary to introduce a
boundary of the AdS5 space near the place where the throat turns into the asymptotically
flat space. Thus, the anti-deSitter coordinate ϕ is defined on a half-line (−∞, 0], similarly
to the Liouville coordinate of the 2-dimensional string theory [15, 16]. The correlation
functions are specified by the dependence of the action on the boundary conditions, again
in analogy with the c = 1 case. One new prediction that we will be able to extract this
way is for the anomalous dimensions of the gauge theory operators that correspond to
massive string states. For a state at level n we find that, for large g2YMN , the anomalous
dimension grows as 2
√
n(2g2YMN)
1/4.
2. Green’s functions from the supergravity action
The geometry of a large number N of coincident D3-branes is
ds2 =
(
1 +
R4
r4
)−1/2 (−dt2 + d~x2)+(1 + R4
r4
)1/2 (
dr2 + r2dΩ25
)
. (8)
The parameter R, where
R4 =
N
2π2T3
, T3 =
√
π
κ
(9)
1 The papers that put an early emphasis on the anti-deSitter nature of the near-horizon region
of certain brane configurations, and its relation with string and M-theory, are [17, 18]. Other
ideas on the relation between branes and AdS supergravity were recently pursued in [19, 20, 21].
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is the only length scale involved in all of what we will say. T3 is the tension of a single
D3-brane, and κ is the ten-dimensional gravitational coupling. The near-horizon geometry
of N D3-branes is AdS5 × S5, as one can see most easily by defining the radial coordinate
z = R2/r. Then
ds2 =
R2
z2
(−dt2 + d~x2 + dz2)+R2dΩ25 . (10)
The relation to the coordinate ϕ used in the previous section is
z = Re−ϕ/R . (11)
Note that the limit z → 0 is far from the brane. Of course, for z <∼ R the AdS form
(10) gets modified, and for z ≪ R one obtains flat ten-dimensional Minkowski space. We
will freely use phrases like “far from the brane” and “near the brane” to describe regimes
of small z and large z, despite the fact that the geometry is geodesically complete and
nonsingular.
The basic idea is to identify the generating functional of connected Green’s functions in
the gauge theory with the minimum of the supergravity action, subject to some boundary
conditions at z = R and z =∞:
W [gµν(x
λ)] = K[gµν(x
λ)] = S[gµν(x
λ, z)] . (12)
W generates the connected Green’s functions of the gauge theory; S is the supergravity
action on the AdS space; while K is the minimum of S subject to the boundary conditions.
We have kept only the metric gµν(x
λ) of the world-volume as an explicit argument of W .
The boundary conditions subject to which the supergravity action S is minimized are
ds2 =
R2
z2
(
gµνdx
µdxν + dz2
)
+O(1) as z → R . (13)
All fluctuations have to vanish as z →∞.
A few refinements of the identification (12) are worth commenting on. First, it is the
generator of connected Green’s functions which appears on the left hand side because the
supergravity action on the right hand side is expected to follow the cluster decomposition
principle. Second, because classical supergravity is reliable only for a large number N
of coincident branes, (12) can only be expected to capture the leading large N behavior.
Corrections in 1/N should be obtained as loop effects when one replaces the classical action
S with an effective action Γ. This is sensible since the dimensionless expansion parameter
κ2/R8 ∼ 1/N2. We also note that, since (α′)2/R4 ∼ (g2YMN)−1, the string theoretic α′
corrections to the supergravity action translate into gauge theory corrections proportional
to inverse powers of g2YMN . Finally, the fact that there is no covariant action for type
IIB supergravity does not especially concern us: to obtain n-point Green’s functions one
is actually considering the nth variation of the action, which for n > 0 can be regarded as
the (n− 1)th variation of the covariant equations of motion.
In section 2 we will compute two-point functions of massless vertex operators from
(12), compare them with the absorption calculations in [9, 10, 11] and find exact agreement.
However it is instructive first to examine boundary conditions.
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2.1. Preliminary: symmetries and boundary conditions
As a preliminary it is useful to examine the appropriate boundary conditions and how
they relate to the conformal symmetry. In this discussion we follow the work of Brown
and Henneaux [22]. In the consideration of geometries which are asymptotically anti-de
Sitter, one would like to have a realization of the conformal group on the asymptotic form
of the metric. Restrictive or less restrictive boundary conditions at small z (far from the
brane) corresponds, as Brown and Henneaux point out in the case of AdS3, to smaller or
larger asymptotic symmetry groups. On an AdSd+1 space,
ds2 = Gmndx
mdxn =
R2
z2
(−dt2 + d~x2 + dz2) (14)
where now ~x is d−1 dimensional, the boundary conditions which give the conformal group
as the group of asymptotic symmetries are
δGµν = O(1) , δGzµ = O(z) , δGzz = O(1) . (15)
Our convention is to let indices m,n run from 0 to d (that is, over the full AdSd+1 space)
while µ, ν run only from 0 to d− 1 (ie excluding z = xd). Diffeomorphisms which preserve
(15) are specified by a vector ζm which for small z must have the form
ζµ = ξµ − z
2
d
ηµν∂ν(ξ
κ
,κ) +O(z
4)
ζz =
z
d
ξκ,κ +O(z
3) .
(16)
Here ξµ is allowed to depend on t and ~x but not r. (16) specifies only the asymptotic form
of ζm at large r, in terms of this new vector ξµ.
Now the condition that the variation
δGmn = LζGmn = ζk∂kGmn +Gkn∂mζk +Gmk∂nζk (17)
be of the allowed size specified in (15) is equivalent to
ξµ,ν + ξν,µ =
2
d
ξκ,κ (18)
where now we are lowering indices on ξµ with the flat space Minkowski metric ηµν . Since
(18) is the conformal Killing equation in d dimensions (d = 4 for the 3-brane), we see that
we indeed recover precisely the conformal group from the set of permissible ξµ.
The spirit of [22] is to determine the central charge of an AdS3 configuration by
considering the commutator of deformations corresponding to Virasoro generators Lm and
L−m. This method is not applicable to higher dimensional cases because the conformal
group becomes finite, and there is apparently no way to read off a Schwinger term from
commutators of conformal transformations. Nevertheless, the notion of central charge
can be given meaning in higher dimensional conformal field theories, either via a curved
space conformal anomaly (also called the gravitational anomaly) or as the normalization
of the two-point function of the stress energy tensor [23]. We shall see in section 2 that
a calculation reminiscent of absorption probabilities allows us to read off the two point
function of stress-energy tensors in N = 4 super-Yang-Mills, and with it the central charge.
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2.2. The two point functions
First we consider the case of a minimally coupled massless scalar propagating in the
anti-de Sitter near-horizon geometry (one example of such a scalar is the dilaton φ [9]).
As a further simplification we assume for now that φ is in the s-wave (that is, there is no
variation over S5). Then the action becomes
S =
1
2κ2
∫
d10x
√
G
[
1
2
GMN∂Mφ∂Nφ
]
=
π3R8
4κ2
∫
d4x
∫
∞
R
dz
z3
[
(∂zφ)
2 + ηµν∂µφ∂νφ
]
.
(19)
Note that in (19), as well as in all the following equations, we take κ to be the ten-
dimensional gravitational constant. The equations of motion resulting from the variation
of S are [
z3∂z
1
z3
∂z + η
µν∂µ∂ν
]
φ = 0 . (20)
A complete set of normalizable solutions is
φk(x
ℓ) = λke
ik·xφ˜k(z) where φ˜k(z) =
z2K2(kz)
R2K2(kR)
, (21)
k2 = ~k2 − ω2 .
We have chosen the modified Bessel function K2(kz) rather than I2(kz) because the func-
tionsKν(kz) fall off exponentially for large z, while the functions Iν(kz) grow exponentially.
In other words, the requirement of regularity at the horizon (far down the throat) tells
us which solution to keep. A connection of this choice with the absorption calculations of
[9] is provided by the fact that, for time-like momenta, this is the incoming wave which
corresponds to absorption from the small z region. λk is a coupling constant, and the
normalization factor has been chosen so that φ˜k = 1 for z = R.
Let us consider a coupling
Sint =
∫
d4xφ(xλ)O(xλ) (22)
in the world-volume theory. If φ is the dilaton then according to [9] one would have
O = 1
4g2
YM
trF 2 + . . .. Then the analogue of (12) is the claim that
W [φ(xλ)] = K[φ(xλ)] = S[φ(xλ, z)] (23)
where φ(xλ, z) is the unique solution of the equations of motion with φ(xλ, z)→ φ(xλ) as
z → R. Note that the existence and uniqueness of φ are guaranteed because the equation
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of motion is just the laplace equation on the curved space. (One could in fact compactify
xλ on very large T 4 and impose the boundary condition φ(xλ, z) = φ(xλ) at z = R. Then
the determination of φ(xλ, z) is just the Dirichlet problem for the laplacian on a compact
manifold with boundary).
Analogously to the work of [15] on the c = 1 matrix model, we can obtain the quadratic
part of K[φ(xλ)] as a pure boundary term through integration by parts,
K[φ(xλ)] =
π3R8
4κ2
∫
d4x
∫
∞
R
dz
z3
[
−φ
(
z3∂z
1
z3
∂z + η
µν∂µ∂ν
)
φ+ z3∂z
(
φ
1
z3
∂zφ
)]
=
1
2
∫
d4kd4qλkλq(2π)
4δ4(k + q)
N2
16π2
F ,
(24)
where we have expanded
φ(xλ) =
∫
d4kλke
ik·x .
The “flux factor” F (so named because of its resemblance to the particle number flux in a
scattering calculation) is
F =
[
φ˜k
1
z3
∂zφ˜k
]
∞
R
. (25)
In (24) we have suppressed the boundary terms in the xλ directions—again, one can
consider these compactified on very large T 4 so that there is no boundary. We have also
used (9) to simplify the prefactor. Finally, we have cut off the integral at R as a regulator
of the small z divergence. This is in fact appropriate since the D3-brane geometry is anti-de
Sitter only for z ≫ R. Since there is exponential falloff in φ˜k as z →∞, only the behavior
at R matters.
To calculate the two-point function of O in the world-volume theory, we differentiate
K twice with respect to the coupling constants λ:2
〈O(k)O(q)〉 =
∫
d4xd4y eik·x+iq·y〈O(x)O(y)〉
=
∂2K
∂λk∂λq
= (2π)4δ4(k + q)
N2
16π2
F
= −(2π)4δ4(k + q) N
2
64π2
k4 ln(k2R2) + (analytic in k2)
(26)
where now the flux factor has been evaluated as
F =
[
φ˜k
1
z3
∂zφ˜k
]
z=R
=
[
1
z3
∂z ln(φ˜k)
]
z=R
= −14k4 ln(k2R2) + (analytic in k2) . (27)
2 The appearance of the logarithm here is analogous to the logarithmic scaling violation in the
c = 1 matrix model.
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Fourier transforming back to position space, we find
〈O(x)O(y)〉 ∼ N
2
|x− y|8 . (28)
This is consistent with the free field result for small g2YMN . Remarkably, supergravity tells
us that this formula continues to hold as g2YMN →∞.
Another interesting application of this analysis is to the two-point function of the
stress tensor, which with the normalization conventions of [11] is
〈Tαβ(x)Tγδ(0)〉 = c
48π4
Xαβγδ
(
1
x4
)
, (29)
where the central charge (the conformal anomaly) is c = N2/4 and
Xαβγδ = 2
2 ηαβηγδ − 3 2(ηαγηβδ + ηαδηβγ)− 4∂α∂β∂γ∂δ
− 2 (∂α∂βηγδ + ∂α∂γηβδ + ∂α∂δηβγ + ∂β∂γηαδ + ∂β∂δηαγ + ∂γ∂δηαβ) .
(30)
For metric perturbations gµν = ηµν + hµν around flat space, the coupling of hµν at linear
order is
Sint =
∫
d4x 1
2
hµνTµν . (31)
Furthermore, at quadratic order the supergravity action for a graviton polarized along the
brane, hxy(k), is exactly the minimal scalar action, provided the momentum k is orthogonal
to the xy plane. We can therefore carry over the result (26) to obtain
〈Txy(k)Txy(q)〉 = −(2π)4δ4(k + q) N
2
64π2
k4 ln(k2R2) + (analytic in k2) , (32)
which upon Fourier transform can be compared with (29) to give c = N2/4. In view of
the conformal symmetry of both the supergravity and the gauge theory, the evaluation of
this one component is a sufficient test.
The conspiracy of overall factors to give the correct normalization of (32) clearly has
the same origin as the successful prediction of the minimal scalar s-wave absorption cross-
section [9, 10, 11]. The absorption cross-section is, up to a constant of proportionality, the
imaginary part of (32). In [9] the absorption cross-section was calculated in supergravity
using propagation of a scalar field in the entire 3-brane metric, including the asymptotic
region far from the brane. Here we have, in effect, replaced communication of the throat
region with the asymptotic region by a boundary condition at one end of the throat. The
physics of this is clear: signals coming from the asymptotic region excite the part of the
throat near z = R. Propagation of these excitations into the throat can then be treated
just in the anti-deSitter approximation. Thus, to extract physics from anti-deSitter space
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we introduce a boundary at z = R and take careful account of the boundary terms that
contain the dynamical information.
It now seems clear how to proceed to three-point functions: on the supergravity side
one must expand to third order in the perturbing fields, including in particular the three
point vertices. At higher orders the calculation is still simple in concept (the classical
action is minimized subject to boundary conditions), but the complications of the N = 8
supergravity theory seem likely to make the computation of, for instance, the four-point
function, rather tedious. We leave the details of such calculations for the future. It may
be very useful to compute at least the three point functions in order to have a consistency
check on the normalization of fields.
One extension of the present work is to consider what fields couple to the other
operators in the N = 4 supercurrent multiplet. The structure of the multiplet (which
includes the supercurrents, the SU(4) R-currents, and four spin 1/2 and one scalar field)
suggests a coupling to the fields of gauged N = 4 supergravity. The question then becomes
how these fields are embedded inN = 8 supergravity. We leave these technical issues for the
future, but with the expectation that they are “bound to work” based on supersymmetry.
The main lesson we have extracted so far is that, for certain operators that couple to
the massless string states, the anomalous dimensions vanish. We expect this to hold for
all vertex operators that couple to the fields of supergravity. This may be the complete
set of operators that are protected by supersymmetry. As we will see in the next section,
other operators acquire anomalous dimensions that grow for large ‘t Hooft coupling.
3. Massive string states and anomalous dimensions
Before we proceed to the massive string states, a useful preliminary is to discuss the
higher partial waves of a minimally coupled massless scalar. The action in five dimensions
(with Lorentzian signature), the equations of motion, and the solutions are
S =
π3R8
4κ2
∫
d4x
∫
∞
R
dz
z3
[
(∂zφ)
2 + (∂µφ)
2 +
ℓ(ℓ+ 4)
z2
φ2
]
(33)
[
z3∂z
1
z3
∂z + η
µν∂µ∂ν − ℓ(ℓ+ 4)
z2
]
φ = 0 (34)
φk(x
ℓ) = eik·xφ˜k(z) where φ˜k(z) =
z2Kℓ+2(kz)
R2Kℓ+2(kR)
. (35)
We have chosen the normalization such that φ˜k(z) = 1 at z = R. The flux factor is
evaluated by expanding
Kℓ+2(kz) = 2
ℓ+1Γ(ℓ+2)(kz)−(ℓ+2)
(
1 + . . .+
(−1)ℓ
22ℓ+3(ℓ+ 1)!(ℓ+ 2)!
(kz)2(ℓ+2) ln kz + . . .
)
,
(36)
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where in parenthesis we exhibit the leading non-analytic term. We find
F =
[
1
z3
∂z ln(φ˜k)
]
z=R
=
(−1)ℓ
22ℓ+2[(ℓ+ 1)!]2
k4+2lR2ℓ ln kR . (37)
As before, we have neglected terms containing analytic powers of k and focused on the
leading nonanalytic term. This formula indicates that the operator that couples to ℓ-th
partial wave has dimension 4 + ℓ. In [9] it was shown that such operators with the SO(6)
quantum numbers of the ℓ-th partial wave have the form
∫
d4xeik·x tr
[(
X(ii . . .Xiℓ) + . . .
)
FµνF
µν(x)
]
, (38)
where in parenthesis we have a traceless symmetric tensor of SO(6). Thus, supergravity
predicts that their non-perturbative dimensions equal their bare dimensions.
Now let us consider massive string states. Our goal is to use supergravity to calculate
the anomalous dimensions of the gauge theory operators that couple to them. To simplify
the discussion, let us focus on excited string states which are spacetime scalars of mass m.
The propagation equation for such a field in the background of the 3-brane geometry is
[
d2
dr2
+
5
r
d
dr
− k2
(
1 +
R4
r4
)
−m2
(
1 +
R4
r4
)1/2]
φ˜k = 0 . (39)
For the state at excitation level n,
m2 =
4n
α′
.
In the throat region, z ≫ R, (39) simplifies to
[
d2
dz2
− 3
z
d
dz
− k2 − m
2R2
z2
]
φ˜k = 0 . (40)
Note that a massive particle with small energy ω ≪ m, which would be far off shell in
the asymptotic region z ≪ R, can nevertheless propagate in the throat region (i.e. it is
described by an oscillatory wave function).
Equation (40) is identical to the equation encountered in the analysis of higher partial
waves, except the effective angular momentum is not in general an integer: in the centrifu-
gal barrier term ℓ(ℓ + 4) is replaced by (mR)2. Analysis of the choice of wave function
goes through as before, with ℓ+ 2 replaced by ν, where
ν =
√
4 + (mR)2 . (41)
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In other words, the wave function falling off exponentially for large z and normalized to 1
at z = R is3
φ˜k(z) =
z2Kν(kz)
R2Kν(kR)
. (42)
Now we recall that
Kν =
π
2 sin(πν)
(I−ν − Iν) ,
Iν(z) =
(z
2
)ν ∞∑
k=0
(z/2)2k
k!Γ(k + ν + 1)
.
Thus,
Kν(kz) = 2
ν−1Γ(ν)(kz)−ν
(
1 + . . .−
(
zk
2
)2ν
Γ(1− ν)
Γ(1 + ν)
+ . . .
)
, (43)
where in parenthesis we have exhibited the leading non-analytic term. Calculating the flux
factor as before, we find that the leading non-analytic term of the 2-point function is
〈O(k)O(q)〉 = −(2π)4δ4(k + q)N
2
8π2
Γ(1− ν)
Γ(ν)
(
kR
2
)2ν
R−4 . (44)
This implies that the dimension of the corresponding SYM operator is equal to
∆ = 2 + ν = 2 +
√
4 + (mR)2 . (45)
Now, let us note that
R4 = 2Ng2YM (α
′)2 ,
which implies
(mR)2 = 4ngYM
√
2N .
Using (41) we find that the spectrum of dimensions for operators that couple to massive
string states is, for large gYM
√
N ,
hn ≈ 2
(
ngYM
√
2N
)1/2
. (46)
Equation (46) is a new non-trivial prediction of the string theoretic approach to large N
gauge theory.4
3 These solutions are reminiscent of the loop correlators calculated for c ≤ 1 matrix models
in [24].
4 We do not expect this equation to be valid for arbitrarily large n, because application of
linearized local effective actions to arbitrarily excited string states is questionable. However, we
should be able to trust our approach for moderately excited states.
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We conclude that, for large ‘t Hooft coupling, the anomalous dimensions of the vertex
operators corresponding to massive string states grow without bound. By contrast, the
vertex operators that couple to the massless string states do not acquire any anomalous
dimensions. This has been checked explicitly for gravitons, dilatons and RR scalars [9,
10, 11], and we believe this to be a general statement.5 Thus, there are several SO(6)
towers of operators that do not acquire anomalous dimensions, such as the dilaton tower
(38). The absense of the anomalous dimensions is probably due to the fact that they are
protected by SUSY. The rest of the operators are not protected and can receive arbitrarily
large anomalous dimensions. While we cannot yet write down the explicit form of these
operators in the gauge theory, it seems likely that they are the conventional local operators,
such as (3). Indeed, the coupling of a highly excited string state to the world volume may
be guessed on physical grounds. Since a string in a D3-brane is a path of electric flux,
it is natural to assume that a string state couples to a Wilson loop O = exp
(
i
∮
γ
A
)
.
Expansion of a small loop in powers of F yields the local polynomial operators.
There is one potential problem with our treatment of massive states. The minimal
linear equation (39) where higher derivative terms are absent may be true only for a
particular field definition (otherwise corrections in positive powers of α′∇2 will be present in
the equation). Therefore, it is possible that there are energy dependent leg factors relating
the operators O in (44) and the gauge theory operators of the form (3). We hope that these
leg factors do not change our conclusion about the anomalous dimensions. However, to
completely settle this issue we need to either find an exact sigma-model which incorporates
all α′ corrections or to calculate the 3-point functions of massive vertex operators.
4. Conclusions
There are many unanswered questions that we have left for the future. So far, we have
considered the limit of large ‘t Hooft coupling, since we used the one-loop sigma-model
calculations for all operators involved. If this coupling is not large, then we have to treat
the world sheet theory as an exact conformal field theory (we stress, once again, that
the string loop corrections are ∼ 1/N2 and, therefore, vanish in the large N limit). This
conformal field theory is a sigma-model on a hyperboloid. It is plausible that, in addition
to the global O(2, 4) symmetry, this theory possesses the O(2, 4) Kac-Moody algebra. If
this is the case, then the sigma model is tractable with standard methods of conformal
field theory.
Throughout this work we detected many formal similarities of our approach with that
used in c ≤ 1 matrix models. These models may be viewed as early examples of gauge
theory – non-critical string correspondence, with the large N matrix models playing the
role of gauge theories. Clearly, a deeper understanding of the connection between the
present work and the c ≤ 1 matrix models is desirable.
5 A more general set of such massless fields is contained in the supermultiplet of AdS gauge
fields, whose boundary couplings were recently studied in [25].
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